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SUPPORT-TYPE PROPERTIES OF CONVEX FUNCTIONS OF HIGHER 
ORDER AND HADAMARD-TYPE INEQUALITIES 

SZYMON WASOWICZ 



ABSTRACT. It is well-known that every convex function / : I — + M (where / C 1 is 
an interval) admits an affine support at every interior point of / (i.e. for any xq £ Int / 
there exists an affine function a : I — > R such that a(xo) = f(xo) and a < / on I). 
Convex functions of higher order (precisely of an odd order) have a similar property: they 
are supported by the polynomials of degree no greater than the order of convexity. In 
this paper the attaching method is developed. It is applied to obtain the general result — 
Theorem[2] from which the mentioned above support theorem and some related properties 
of convex functions of higher (both odd and even) order are derived. They are applied to 
obtain some known and new Hadamard-type inequalities between the quadrature operators 
and the integral approximated by them. It is also shown that the error bounds of quadrature 
rules follow by inequalities of this kind. 



1. Introduction 

Let I C K be an interval and / : / — > R. For distinct points of I the divided differences 
of / are defined recursively as follows: [afj., /] := f(x\) and 

[x% i • • • i %n+l 'if] — [3f 1 1 • • • j X n \ f] 



(1) [xi,...,x n+ v,f] ■= 



n G N, n > 2. 



Xn+l ~ Xl 

For n distinct points x\ , . . . , x n G I (n > 2) the following formula holds true: 

D(xi, .. .,£„;/) 



(2) 
where 



[X\ , . . . , x n , f] 



;/) := 



V{xi 

1 

Xl 



r.n-1 



1 ' ■ ■ X 71 

f(xi) ... f(x n ) 

and V(xx, ... ,x n ) stands for the Vandermonde determinant of the terms involved. By 
we can immediately see that the divided differences are symmetric. 

Let n„ be the family of all polynomials of degree at most n. For k distinct points 
x\,.. . ,Xk G / denote by P(x\, . . . ,Xk', /) the (unique) interpolation polynomial p G 
Hk-i such that p(xi) = f(xi), i = 1, . . . , k. Then for any n + 1 distinct points xi, . . . , 
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x n +i G / and for any x 6 / \ {aci, . . . , x n +i} we have 

n+l 

(3) f(x) - P(xx, . . . , x„+i; f)(x) = [x%,..., x n+ i,x; f]\\_{x - Xi). 

i=l 

For the definition and properties of divided differences the reader is referred to lT7l[8l [TOl . 
If xi, . . . , x n+ i £ I are distinct then Newton's Interpolation Formula holds: 

(4) P(x x , . . . ,x n+l ; f)(x) = f(x%) + [xx,X2] f](x -xi) + ... 

+ [xi, . . .,x n+ i;f](x - xi) ■ ■ ■ (x- x n ). 

Next we recall the notion of convex functions of higher order. Hopf's thesis [6| from 
1926 seems to be the first work devoted to this topic (the functions with nonnegative di- 
vided differences were considered but the name "convex functions of higher order" was 
not used). Eight years later higher-order convexity was extensively studied by Popovi- 
ciu El (cf. also Q [lOl). Let n e N. A function / : I — ► R is called n-convex if 
[xx, . . . , x n + 2 ; f] > for any n + 2 distinct points xi,..., x n +2 G I- It follows by (fJJ 
that / is n-convex if and only if 

(5) D(xx,...,x n+2 ;f)>0 

for any xx, ■ ■ ■ , x n+2 G I with xx < ■ ■ ■ < x n+2 (since V(xx, x n+2 ) > 0). 

For n = 1 it is not difficult to observe that the n-convexity reduces to convexity in the 
usual sense. 

By (0 we obtain the following important property of convex functions of higher order 
(cf. QUI ED): a function / : I — * M is n-convex if and only if for any xx, ■ ■ ■ , x n +x G I 
with xx < ■ ■ ■ < x n +x the graph of an interpolation polynomial p := P(xx, ■ ■ ■ , x n +x', /) 
passing through the points [Xi, /(a^)), i = 1, . . . , n + 1, changes succesively the side of 
the graph of / (always p(x) < f(x) for x E I such that x > x n +x> if suc h points do exist). 
More precisely, 

(-l) n+1 (f(x)~ P (x)) >0, x<xx,xel, 

(6) (-l) n+1 - l (f(x)-p(x)) >0, Xi<x<x i+1 , i = l,...n, 

f(x) - p(x) > 0, x > x n+ x, x e I. 

The theorem below contains another property of higher-order convexity (cf. p. 391, 
Corollary 1], (Up. 27]). 

Theorem A. If / : I — > M is n-convex then for any k £ {1, . . . , n + 1} the divided 
differences [xx , ■ ■ ■ , Xk\ f] are bounded on every compact interval [a, b] C Int /. 

Convex functions of higher order have the following regularity property (cf. 017] |8)): 

Theorem B. If / : [a, b] — > R is n-convex then / is continuous on (a, b) and bounded on 

[a,b]. 

All the integrals that appear in this paper are understood in the sense of Riemann. Then 
by Theorem B we obtain 

Theorem C. If / : [a, b] — * R is n-convex then / is integrable on [a, b]. 

For n-convex functions which are (n+ l)-times differentiable the following result holds 
(cf. E2 Theorems A and B], (T3] Theorems 1.2 and 1.3], cf. also f71l8lHOl): 

Theorem D. Assume that / : [a, b] — > R is (n + l)-times differentiable on (a, b) and 
continuous on [a, b\. Then / is n-convex if and only if (x) >0,i£ (a, b). 
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It is well-known that every convex function f : I —> R admits an affine support at 
every interior point of / (i.e. for any xq £ Int / there exists an affine function a : I — ► K 
such that a(xo) — f(%o) an d a < f on I). Convex functions of higher order (precisely of 
an odd order) have a similar property: they are supported by the polynomials of degree no 
greater than the order of convexity. Such a result was obtained by Ger 0, who assumed 
that the supported n-convex function, defined on an open and convex subset of a normed 
space, was of the class C n+1 . In this paper we develop the attaching method and we use 
it to prove in Theorem [2] a support-type result of a general nature. As almost immediate 
consequences we obtain the result improving Ger's theorem (we remove the differentiabil- 
ity assumption) for functions defined on a real interval and more support-type properties 
of convex functions of higher (both odd and even) order. 

In the theory of convex functions an important role is played by the famous Hermite- 
Hadamard inequality. It states that if / : [a, b] — > M is convex then 

The interesting study of this inequality and lots of related inequalities was given by Drago- 
mir and Pearce |4j. In this paper we apply the above mentioned support-type properties of 
convex functions of higher order to obtain both known and new Hadamard-type inequal- 
ities between the quadrature operators and the integral approximated by them. We also 
show that the error bounds of quadrature rules follow by inequalities of this kind. 

2. Attaching method 

In this section we describe this method. Consider the rt-convex function / : I — > K and 
take the polynomial p £ H n interpolating / at n + 1 distinct points of /. The Figure Q] is 
drawn for the 6-convex function. The graph of / is represented by the horizontal straight 
line. Then by n-convexity the graph of p (symbolized by the curve line) meeting the graph 
of / changes successively its side. 




Figure 1 . The "bubbles" are attached to the "bullets". 



If the "bubbles" lying between two consecutive "bullets" tend to the nearest "bullet" 
situated on the left hand side of them, then the appropriate interpolation polynomials be- 
longing to IT n (the graph of one of them is shown at the Figure[T)) tend to some polynomial 
belonging to IT n . Then we arrive at the situation that we can see at the Figure|2] 




FIGURE 2. The degree (its upper bound) of the polynomial is preserved. 



Figures Q] and [2] have only an explanatory character. The curve lines are not really the 
graphs of polynomials and the straight line is not really the graph of /. They illustrate only 
the location of graphs of appropriate polynomials on a proper side of the graph of /. 
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3. Support-type theorem 

Now we are going to prove a support-type theorem of the general nature. In the proof 
we would like to use the boundedness of divided differences of an n-convex function. By 
Theorem A this is the case when all the points involved belong to the compact subinterval 
of Int 7. However, we need also this property for divided differences involving additionally 
the boundary points of 7 (if they do exist). That is why we prove below the following 
lemma. 

Lemma 1. Let n G N, A C M, a g cl A and f : A U {a} — > R. If for any fee {1, . . . , n} 
the divided differences [xi, . . . , Xfc; /] are bounded on A then for any k € {1, . . . , n} they 
remain bounded on A U {a}. 

Proof. For k = 1 there is nothing to prove. For k > 1 assume that the divided dif- 
ferences [xi, . . . , Xk-i", f] are bounded on A U {a}. To finish the proof it is enough to 
show the assertion for fc-point divided differences containing a. To proceed this job take 
xi , . . . , x k -i G A. Then by (Q]i 

ir ,n \[zi,---,Xk-i;f] - [a,xi,...,x fc _ 2 ;/]| 2M 
Ha,xi, . . . ,x fc _i;/J = J , , < 



where 



\xk-i-a\ \a-A\' 

M := sup||[xi, . . . ,x fc _i; /]| : Xi, . . . , x&_i € A U {a}\, 
\a - A\ := inf{ |a - 6| : 6eA}>0 (since a £ clA). 

□ 

Now we are ready to prove the main result of this section. 

Theorem 2. Let n € N one/ f : I —> M. be an n-convex function. Fix k € N, /c < n anrf 
tofe Xi, . . . , Xfe € 7 smc/i f/iaf £].<■••< Xfc. Aii/gn fo eac/; point Xj (j = I, . . . ,k) 
the multiplicity lj G N (lj — 1 stands for the number of points attached to Xj). We require 
ll + • • • + If. = n + 1 and if X\ = inf 7 then l\ = 1, i/x/c = sup 7 then Ip. = 1 (the points 
can be attached only to the interior points of I). Denote Iq = (— oo, Xi), Ij — (xj, Xj+i), 
j = 1, . . . , k — 1 anc/ 7^ = (xfe, oo). Under these assumptions there exists a polynomial 
p € n„ such that p(xj) — f(xj), j — 1, . . . , k and 

(f(x) - p(x)) > for x G 7 n 7, 

(8) (-l) n+1 - (Il+ - +,i) (/(a;)-p(a:)) >0 /or x € Ij, j = 1, — 1, 

/(x) - p(x) > /or x G 7 fc n 7. 

Before we start the proof let us notice that at the FiguresQ]and[2]we nave n — 6, k = 4 
(the "bubbles" were attached to the "bullets") and the multiplicities of the "bullets" are 
(from left to right) 1, 3, 1, 2, respectively. 

Proof of Theorem^ Let m G N. If lj > 1 (J = 1, . . . , k), we take the points 

1 lj-1 

X r\ < -C X ' j I "\ ■ ■ ■ "\ x i I . 

m m 
For m large enough all these points belong to Ij . Then the sequence 

( 1 ii — 1 1 h-l\ 

(9) xi,xi H , ...,xx -\ ,x 2 , ...,x k ,x k -\ , ■ ■ ■ , x fe H 

V m m m m J 
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is increasingly ordered and it contains n + 1 points of I (because of l\ H — • + Ik = n + 1). 
There exists a polynomial p m £ H n interpolating / at the points of the sequence ([9JI. We 
use Newton's Interpolation Formula (O to write p m . This formula contains the products of 
binomials of the form 

S ' 

x — Xj -, j = 1, . . . , k, Sj = 0, . . . , lj — 1 (k < n) 

and the divided differences involving points of the sequence (|9]). By Theorem A and 
LemmaQ]the sequences of these differences containing 1 point, 2 points, . . . , n + 1 points, 
respectively, are bounded and for that reason they contain the convergent subsequences. 
By taking (if needed) the common subsequence (a m ) of positive integers we may assume 
without loss of generality that all these sequences are convergent. 

Let x £ I and p(x) :— lim p m (x). Then p £ H n and by the construction we have 

m — >oc 

p(xj) = f(xj),j = l,...,k. 

Let x £ Iq ("I I (if x £ Io n I ^ 0). Then x < x\ and by n-convexity and © 
(-l)" +1 (/0) - Pm(x)) > for m large enough. Tending with m to infinity we get 
(-l) n + 1 (f(x)-p(x))>0. 

Let x £ Ik H / (if x £ Ik H / 7^ 0). Then for m large enough we have 

x > Xk H • 

TO 

We infer by (O that f(x)—p m (x) > 0, whence letting m — > oo we obtain f(x)—p(x) > 0. 
Finally let a; € Ij, j = 1, . . . , k — 1. For to large enough we have 

L - 1 

Xj + — < x < Xj+i. 

TO 

Observe that the point Xj + l - 2 ^- has in the sequence (O the number lx H h lj. Therefore 

by © (-l) n+1 -( h +- +l ^ (f(x) - p m (x)) > 0. For m -> oo we get 

(-l) n+1 - (,1+ - +, ^(/(a:)-p(a;)) > 0, 
which finishes the proof. □ 

Remark 3. In the classical setting, if / : I — > R admits at each point xo G Int / an 
affine support, then / is convex. This is also the case for the statement of Theorem [2] it 
characterizes rt-convexity. Indeed, to prove that / is n-convex it is enough to assume that 
the appropriate polynomial exists for k = n, x\, . . . , x n £ Int / with x\ < ■ ■ ■ < x n and 
?! = ••• = l n -i = 1, l n = 2. This is shown by the present author in |[T4l Theorem 3] in 
a more general setting, i.e. for convex functions with respect to Chebyshev systems (for 
a polynomial Chebyshev system (1, x, . . . , x n ) such a convexity reduces to n-convexity). 
We have formulated Theorem |2] in the form of the necessary condition since, as we can 
see, the sufficient condition can be weakened. 

Remark 4. The polynomial obtained in Theorem [2] need not to be unique. Let n = 5, 
k = 3. Then for a 5-convex function / : M — * R, X\ = — 1, x<i = 0, x% = 1 and li = 
h = 1) h = 2, by Theorem|2]there exists a polynomial p £ II5 such thatp(— 1) = /(— 1), 
p(0) = /(0), p(l) = /(l) andp(V) < f(x) for |x| > 1, p(x) > f(x) for < |x| < 1. 
Observe that for a 5-convex function f(x) = x 6 , x £ R, this assertion is fulfilled by 
Pi(x) = x 4 and by P2 (x) — x 2 . 

Remark 5. The assumption l± = 1 if x\ = mi I is essential. For n = k = 1 and l\ = 2 
Theorem [2] asserts that a convex function / : / — > R has an affine support at a point jci. 
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If x\ is a boundary point of / it need not to be the case. Observe that a convex function 
f(x) = — yl — x 2 , x e [—1, 1], has no affine support both at x\ = — 1 and at x\ = 1. 

4. Some consequences of Theorem[2] 

We start with the support theorem for convex functions of an odd order. 

Corollary 6. Let n £ N be an odd number and f : I — » R be an n-convex function. Then 
for any x\ £ Int I there exists a polynomial p £ Il„ such that p{x\) — f(x%) and p < f 
on I. 

Proof. Take in Theorem[2]fc = 1 and li = n + 1. 

□ 

This result needs at least two comments. 

1. The support theorem for convex functions of an odd order was proved by Ger [5 1 with 
the additional assumption that the supported function is of the class C n+1 . However, 
Ger's result holds for functions defined on an open and convex subset of a normed space. 
Notice at this place that if / : I — > Ris n-convex then / is of the class C n_1 on Int I 
(cf. [7 8]). Better regularity properties must be assumed (e.g. for n = 1, f(x) — \x\ is 
convex, continuous and not differentiable). 

2. The attaching method gives an answer to the question why convex functions of an even 
order need not to admit polynomial supports at every interior point of /. Namely, for an 
n-convex function / : I — ► R and x% £ Int /, if n is an even number then the suitable 
interpolation polynomial p (constructed as in the proof of Corollary|6]l fulfils by (0 the 
inequality p(x) > f(x), x G /, x < x\. It is easy to give an example: the 2-convex 
function f(x) — x 3 must not be supported on R by any quadratic polynomial (cf. 151). 
However, there are some situations when convex functions of an even order do admit 
polynomial supports (cf. Corollary [TOlbelow) . 

Remark 7. Figures Q] and [2] show that the graph of a polynomial p e H n obtained by 
Theorem[2]may be situated on both sides of the graph of an n-convex function /. Another 
possibility which may occur is that the graph of p may be situated above the graph of /, 
contrary to the support property (see Corollariesl9land[TT1below). 

Corollary 8. If f : [a, 6] — * R is (2n — \)-convex and x\, . . . ,x n € (a, b), then there 
exists a polynomial p € Tl2 n -i such that p{xi) — f{xi), i = 1, . . . , n, and p < f on [a, b]. 

Proof. Assuming that x% < ■ ■ ■ < x n use Theorem[2]for 2n — 1 instead of n, k — n and 

h=--- = l„ =2. □ 

Corollary 9. If f : [a, b] — > R is (2n — l)-convex and x\ = a, x%<, ■ ■ ■ ,x n £ (a,b), 
x n+ \ = b, then there exists a polynomial p £ Tl2 n -i such that p{xi) — f(xi), i — 
1, . . . , n + 1, and p > f on [a, b]. 

Proof. Use Theorem[2]for 2n — 1 instead of n, k = n + 1, h = 1, h = • ■ • = l n = % 

ln+1 =1- □ 

Corollary 10. If f : [a, b] — > R is In-convex, x\ = a, X2, ■ ■ ■ , x n+ i € (a, 6), then there 
exists a polynomial p £ Tl2 n such that p(xi) = f(xi), i = 1, . . . , n + 1, and p < f on 
[a, b}. 

Proof. Use Theorem[2]for 2n instead of n, k — n+1 and h = 1, h = * " * = ^n+i =2. □ 
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Corollary 11. If f : [a, b] — > R is In-convex, xi, . . . ,x n € (a, b) and x n +i = b, then 
there exists a polynomial p € H211 such that p{xi) — f{xi), i = 1, . . . ,n+ 1, and p > / 
on [a, b]. 

Proof. Use Theorem[2]for In instead of n, k = n+1 and l\ = ■ ■ ■ = l n = 2, l n+ i = 1. □ 



5. Hadamard-type inequalities 

In this section we obtain some inequalities between the quadrature operators and the 
integral approximated by them. The classical inequality of this kind is the celebrated 
Hermite-Hadamard inequality (0. 



Orthogonal polynomials. Let w : [a,b] — > [0, 00) be an integrable function such that 
w{x)dx > 0. The function w is called the weight function. Then 

(f,9)w-= f(x)g(x)w(x)dx 

J a 

is the inner product in the space of all integrable functions / : [a, b] — * R. Performing for 
the sequence of monomials (1, x, x 2 , . . . ) the Gramm-Schmidt orthogonalization proce- 
dure we obtain the sequence (P n ) of polynomials orthogonal to each other on [a, b] with 
the weight w (i.e. with respect to the above inner product). Let P n be the member of this 
sequence of degree n. The well-known results from numerical analysis (cf. e.g. Il9l ITT1 ') 
state that the polynomial P n has n distinct zeros belonging to (a, 6). 



Gauss quadratures. Let (P n ) be the sequence of polynomials orthogonal to each other 
on [a, b] with the weight function w and let x\, . . . , x n be the zeros of the polynomial P n . 
Furthermore, let 

6 P n (x)w(x) . 

ax, 1 = 1, . . . , n, 



la { x x i)Pni. x i) 
n 



i=l 

It is well-known from numerical analysis (cf. e.g. |2][9][3j~|[l6:|) tnat tne equation 

i-b 

f(x)w(x)dx = <?„(/) 

holds for all polynomials belonging to IT2„-i. If [a, b] = [—1, 1] and w = 1 then Q n is the 
n-point Gauss-Legendre quadrature (cf. ||9l [T7l ). 



Lobatto-type quadratures. Let (Q n ) be the sequence of polynomials orthogonal to each 
other on [a, b] with the weight function (x— a){b— x)w(x) and let X\, . . . , x n - \ be the zeros 
of the polynomial Q n -i (where Q n -i is the member of this sequence of degree n — 1). 
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Furthermore, let 



1 " b 



w ° := 71 ^2 TT / Qn-i{x){b - x)w{x)dx 



1 f b Q n -i(x)(x - a)(b - x)w(x) 

' -dx, 



{b- Xi ){xi - a) J a (x - xJQ'^ixi) 

Q n _i(x)(x — a)w(x)dx. 



1 ^ 



It': 



■ (b-a)Ql_ 1 (b)J a 

n-l 

£n+l(f) : = W f(a) + ^ w if( x i) + W n f{b). 
i=l 

It is well-known from numerical analysis (cf. e.g. ||2][9]) that the equation 

f(x)w(x)dx = £ n +i(f) 

holds for all polynomials belonging to Ii2 n -i. If [a, b] = [—1, 1] and w = 1 then C n +i is 
the (n + l)-point Lobatto quadrature (cf. ||9l[T8l). 

Inequalities for Gauss quadratures and Lobatto-type quadratures. 
Proposition 12. Iff : [a, b] — ► R is (2n — l)-convex then 

Qn(f)< I f(x)w(x)dx<C n+1 (f). 

J a 

Proof. By Theorem C / is integrable on [a, b]. Let x\,...,x n be the abscissas of the 
quadrature rule Q n . By Corollary |8]there exists a polynomial p £ Il2„-i such that p(xi) = 
f(xi), i = l,...,n, andp < / on [a, 6], Then (? n (p) = £/„(/) and by to > 



p{x)w(x)dx < / f{x)w{x)dx. 

J a 

Since the quadrature Q n is precise for polynomials belonging to Il2 n -i, then 

r-b r-b 
Qn{f)=Qn{p)= I p{x)w(x)dx < / f(x)w(x)dx. 



The second inequality we prove similarly taking as x\, . . . , x n+ i the abscissas of the quad- 
rature rule C n +i and using Corollary [9] □ 

Radau-type quadratures. Let (P n ) be the sequence of polynomials orthogonal to each 
other on [a, b] with the weight function (x — a)w(x) and let x\, . . . , x n be the zeros of the 
polynomial P n . Furthermore, let 

i r b 

1 ' -32/ 



w ° := ~52F\ \ P n (x)w(x)dx, 

P nW J a 

1 f b P n (x)(x - a)w(x) . 

' -dx, i = 1, . . . , n, 



n 

:=» /(a) + E^/W- 
t=i 

If [a, 6] = [-1, 1] and it) = 1 then TZ l n+1 is the f?i + l)-pointRadau quadrature (cf. ll9l[T9ll). 
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Let (Qn) be the sequence of polynomials orthogonal to each other on [a, b) with the 
weight function (6 — x)w(x) and let xt, . . . , x n be the zeros of the polynomial Q n . Fur- 
thermore, let 

1 [ b Q n (x)(b - x)w(x) 

ax, i — I, ... ,n, 



(b-Xi) J a (x - Xi)Q' n (xi) 
1 f b 

Wn + l :== raTTR I Q n {x)w(x)dx, 



Ql(b) J a 
n 

K+x(f) :=^^/(^)+w n+1 /(6). 

i=l 

It is well-known from numerical analysis (cf. e.g. |[2][9][l9|) that the equation 

K+i(f) = f f{x)w{x)dx = K + i(/) 



holds for all polynomials belonging to n 2n . 



Inequalities for Radau-type quadratures. 
Proposition 13. If f : [a, b] — ► M is In-convex, then 

K+i(f)< f f{x)w{x)dx <W n+l {f). 

J a 

Proof. The proof is similar to that of Proposition Q~2] For the first inequality use Corol- 
lary [10] for the abscissas of the quadrature rule lZ l n+1 and for the second one use Corol- 
lary [TTJfor the abscissas of VJ nJrl . 

□ 



6. Comments 

1. The inequalities of Propositions [T2l and [T3l were earlier proved by Bessenyei and Pales 

iLLlElia. 

2. In 121 these inequalities were proved for the weight function w = 1 by the method of 
smoothing of convex functions of higher order. Namely, it is shown in 1 3 , Theorem 5] 
that for an ri-convex function / : I — >• K and for any compact subinterval J C Int / 
there exists a sequence of n-convex functions of the C°° class convergent uniformly 
to / on J. 

3. In more recent paper Hadamard-type inequalities for convex functions with respect 
to Chebyshev systems are given. The results are proved for any weight function. The 
method of the proof was based on integration of the determinant defining the convexity 
of this kind. The paper UJ contains the same results. However, some assumption 
present in [3 1 was removed. Both quoted papers do not contain any results of support- 
type. 

4. For some cases it is possible to give the inequalities of Hadamard-type which are bet- 
ter in some sense from the inequalities of Propositions [12] and [13] Some of them are 
presented in the next section. 
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7. Other Hadamard-type inequalities 

In this section we consider real functions defined on [— 1 , 1] and the weight function 
w = 1. In this setting 

&(/) = /(-^) 

CaU) = §(/(-!) + /(I)) + §(/(-#) + /(f); 
The abscissas of these quadrature rules are the zeros of suitable orthogonal polynomials. 

Remarks on even functions. 

1. If / is an even function then J_ 1 f(x)dx = 2 f(x)dx. 

2. If / is an n-convex function and n is an odd number then the function f(—x) is also 
n-convex (cf. [8|). Then an even part of /, i.e. the function f e (x) = f( x ) + f(~ x \ is 
n-convex as well. 

3. Let / be the integrable function. Then J_ 1 f{x)dx = J_, f e (x)dx. Indeed, since f e is 
an even function we have 

f e (x)dx = 2 f f e (x)dx = f (f(x) + f(-x))dx 

1 JO JO 

/* 1 /• 1 /*0 ^ 1 

f(x)dx+ / f(-x)dx= / f(x)dx+ / f(t)dt= / /(x)dx. 
Jo Jo J-l J-l 

4. Fix xi, . . . , x„ € (0, 1] and for any function / define 

n 

T(f) := a Q f(0) + ^a i (f(x i ) + f(-Xi)). 

i—l 

Then T(/) = T(/ e ). Namely, 

n n 

- tt /(0) + ^ «i • 2 /e(^i) = «o/e(0) + £ ai(/e(^) + /e(-Zi)) = T(/ e ). 
«=1 i=l 

5. Let n be an odd positive integer. Because of the above remarks the inequalities of the 
form %.(/) < J i f(x)dx < Tz{f) hold for any n-convex function / if and only if 
they hold for any n-convex and even function /. 

Inequalities for Chebyshev quadrature. Recall that the operator 

cif) :=§(/(-^)+/(o) + /(^)) 

is connected with the 3-point Chebyshev quadrature rule (cf. ll9l [T5l '). 
Proposition 14. If f : [— 1, 1] — > R is 3-convex then 

&(/)<£(/) < J f(x)dx. 
Proof. It is enough to prove the theorem for even functions. 

1. By 3-convexity and (0 D(—v, —u, 0, u, v; /) > for any < u < v < 1. Expanding 
this determinant by the last row we simply compute v 2 f(u) < u 2 f(v) + (v 2 — u 2 )f(0). 
For u = |,« = | we obtain &(/) < £(/)■ 
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2. By Theorem E] (for n = 3, k = 3, x x = x 2 = 0, x 3 = h = h = 1, 

Z 3 = 2) there exists a polynomial p e U 3 such thatp(-^p) = f(—^),p(0) = /(0), 
p(^) = /(f) andp < / on [0, 1]. By Newton's Interpolation Formula © 

= /(f) + 05 /] (* + f ) + , o, f ; /] (* + f > 

+ ^ + #)*(*-#) 

for some constant A. Computing these divided differences we can easily see that 
2 Jg 1 p(x)dx = C(f), whence C(f) < 2 ^ = j\ f(x)dx. 

□ 

Inequalities for 5-convex functions. Recall that the operator S(f) := |(/(— 1)+4/(0)+ 
/(l)) is connected with Simpson's quadrature rule (cf. I9l l20l ). 

Proposition 15. Iff : [— 1, 1] — * R is 5-convex then 

1 f(x)dx < + §&(/) < £ 4 (/). 



-l 

Proof. It is enough to prove the theorem for even functions. 

1. By Theorem|2](n = 5, k = 5, x\ = -1, x 2 = x 3 = 0, £ 4 = f, x 5 = 1, Zi = 
h = h = 1) ^4 = 2, Z5 = 1) there exists a polynomial p G II5 such thatp(.Ti) = f(xi), 

1 = 1, 2, 3, 4, 5 and p > f on [0, 1]. Similarly as in the proof of Proposition[T4lwe use 
Newton's Interpolation Formula (0]i for the abscissas x±, X2, x 3 , X4, £5 and we compute 

2 J Q p{x)dx — |<5(/) + §<?2 (/), from which the first inequality follows. 

2. To obtain the second inequality we also proceed similarly to the proof of Proposition[T4l 
By 5-convexity and (f5]l 

D(—l — ^ — ^ 2^ ^ 1' > 

-^V 3 ' 5 ' 5' 3' '*'/ 

Expanding this determinant by the last row and performing some computations we get 
the desired inequality. 

□ 

Other inequalities between the quadrature operators can be found in Ifl2l . 

8. Error bounds of quadrature rules 

Hadamard-type inequalities can be applied to estimate the errors of quadrature rules. 
We illustrate this for the quadrature T(f) := |5(/)+|^ 2 (/)- Denote 1(f) := j\f(x)dx. 

Proposition 16. /// G C 6 ([-l,l]) and M := sup||/( 6 )(a;)| : x G [-1,1] |, then 

\nf)-l(f)\< ^go- 
Proof. Let g(x) := ^f-. Then g (6) (x) = M and \f {&) (x)\ < g {6) (x). Therefore (g + 
f)^ > and (g — f)^ > 0. By Theorem D the functions g + f, g — f are 5-convex. By 
Proposition[l5lwe get 

l(g + f)<T(g + f), l( g -f)<T(g-f). 
Since the operators 1 and 1 are linear then 

1(g) - 1(g) < 1(f) -1(f), 1(f)- 1(f) < 1(g) 1(g) . 
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Hence |T(/)— T(/)| < T{g)—I{g). We conclude the proof by computing T(g)—X(g) — 



The method presented above can be applied for other quadrature rules. However, using 
it for Chebyshev, Gauss-Legendre, Lobatto, Radau and Simpson's quadratures we obtain 
the error bounds known from numerical analysis (cf. ll^ H31 [l^[T8l [19112010 . 

References 

1. M. Bessenyei, Zs. Pales Hermite-Hadamard inequalities for generalized convex functions, Aequationes 
Math. 69 (2005), 32^0. 

2. M. Bessenyei, Zs. Pales, Higher-order generalizations of Hadamard's inequality, Publ. Math. Debrecen 61 
(2002), 623-643. 

3. M. Bessenyei, Zs. Pales, On generalized higher-order convexity and Hermite-Hadamard-type inequalities, 
Acta Sci. Math. (Szeged) 70 (2004), 13-24. 

4. S. S. Dragomir and C. E. M. Pearce Selected Topics on Hermite-Hadamard Inequalities and Applications 
(RGMIA Monographs, Victoria University, 2000). 

(ONLINE: [http : / /rgmia .vu.edu. au/monographs/) . 

5. R. Ger, Stability of polynomial mappings controlled by n-convex functionals, World Scientific Publishing 
Company (WSSIAA) 3 (1994), 255-268. 

6. E. Hopf, Uber die Zusammenhange zwischen gewissen hdheren Differenzenquotienten reeller Funktio- 
nen einer reellen Variablen und deren Differenzierbarkeitseigenschaften (Dissertation, Friedrich-Wilhelms- 
Universitat Berlin, 1926). 

7. M. Kuczma, An Introduction to the Theory of Functional Equations and Inequalities. Cauchy's Equation 
and Jensen 's Inequality (Paristwowe Wydawnictwo Naukowe (Polish Scientific Publishers) and Uniwersytet 
Slaski, Warszawa-Krakow-Katowice 1985). 

8. T. Popoviciu, Sur quelques proprietes des fonctions d'une ou de deux variables reelles, Mathematica (Cluj) 8 
(1934), 1-85. 

9. A. Ralston, A first course in numerical analysis (McGraw-Hill Book Company, New York, St. Louis, San 
Francisco, Toronto, London, Sydney, 1965). 

10. A. W. Roberts, D. E. Varberg, Convex Functions (Academic Press, New York 1973). 

11. G. Szego, Orthogonal Polynomials (American Math. Society, Providence, Rhode Island, 1939). 

12. S. Wasowicz, On error bounds of Gauss-Legendre and Lobatto quadrature rules, /. Ineq. Pure &Appl. Math. 
(JIPAM) 7 (2006), Article 84. (ONLINE: |http : / / j ipam . vu . edu . au) . 

13. S. Wasowicz, Some inequalities connected with an approximate integration, J. Ineq. Pure & Appl. Math. 
(JIPAM) 6 (2005), Article 47. (ONLINE ; [http : / / j ipam . vu . edu . au) , 

14. S. Wasowicz, Some properties of generalized higher-order convexity, Publ. Math. Debrecen 68 (2006), 171— 
182. 

15. E. W. Weisstein, Chebyshev quadrature (From MathWorld-A Wolfram Web Resource), 
http : / /mathworld . wolfram . com/ChebyshevQuadrature . html 

16. E. W. Weisstein, Gaussian quadrature (From MathWorld-A Wolfram Web Resource), 
http : / /mathworld . wolfram . com/GaussianQuadrature . html 

17. E. W. Weisstein, Legendre-Gauss quadrature (From MathWorld-A Wolfram Web Resource), 
http : / /mathworld . wolfram . com/Legendre-GaussQuadrature . html 

18. E. W. Weisstein, Lobatto quadrature (From MathWorld-A Wolfram Web Resource), 
http : / /mathworld . wolfram . com/LobattoQuadrature . html 

19. E. W. Weisstein, Radau quadrature (From MathWorld-A Wolfram Web Resource). 
|http : / /mathworld .wolf ram. com/RadauQuadrature . html| 

20. E. W. Weisstein, Simpson's Rule (From MathWorld-A Wolfram Web Resource), 
http : / /mathworld . wolfram . com/ Simpsons Rule . html 

Department of Mathematics and Computer Science, University of Bielsko-Biala, Wil- 

LOWA 2, 43-309 BlELSKO— BlALA, POLAND 

E-mail address: swasowicz@ath . bielsko .pi 



